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Algorithms for Approximate String Matchin

Esxo UrgronNen

Department of Computer Science, University of Helsinii,
Tukholmankatu 2, SF-00250 Helsinki, Finland

The edit distance between strings @, -~ @, and b, -+~ 5, is the minimum cost s of a
sequence of editing steps (insertions, deletions, changes) that convert one string into
the other. A well-known tabulating method computes 5 as well as the corresponding
editing sequence in time and in space O(mn) (in space O(min{m, n)} if the editing
sequence is not required). Starting from this method, we develop an improved
algorithm that works in time and in space O(s-min(m, #)). Another improvement
with time O(s - min{r, n}} and space O(s - min(s, m, n)) is given for the special case
where all editing steps have the same cost independently of the characters involved.
if the editing sequence that gives cost s is not required, our algorithms can be
implemented in space O(min(s, m, 7). Since s= Olmax{m, »}), the new methods
are always asymptoticaily as good as the original tabulating method. As a by-
product, algorithms are obtained that, given a threshold value ¢ test in time
O{r-min{m, n}} and in space O(min(s,m, n}) whether s<r Finally, different
generalized edit distances are analyzed and conditions are given under which our
algorithms can be used in conjunction with extended edit operation sets, including,
for example, transpesition of adjacent characters. 101985 Academic Press, Tnc.

INTRODUCTION

To define the edit distance between two strings, let A=q, - a,, be any
string over an alphabet I and let the possible editing operations on A be:

(1) delering a symbol from any position, say i/ to give
e L TR A
(it} inserfing a symbol he 2 at pssiiien itogive a, - aba, |-

..... PR o . .
{11} murgv ng a symbol at position 7 to a new symbol helX to give

Ey

Each editing step can be understood as an application of a rewriting rule
¢->b where @ and b, a# b, are in X or at most one of ¢ and b is the empty
string e. Rules with /= ¢ define deletions, rules with ¢ = ¢ define insertions
and rules with nonempty 4 and 5 define changes. Clea ;Ea with these editing
operations it is possible to convert, step-by-step, any string 4 into another
string 8.

* This paper is a revised and expanded version of a paper presented at the International
Conference on “Foundations of Computation Theory” held in Borgholm, Sweden, August
2127, 1983,
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Each editing operation ¢ — b has a non-negative cost of{a — b). Given
strings A=a, a, and B=5,---b,, we want to determine a sequence of
editing operations which convert A into B so that the sum of individual
costs of editing operations in the sequence is minimized. The minimum cost
is denoted by D(4, B) and called, as by Wagner and Fischer {1974), the
edit distance from A to B; Sellers (1974) uses the term evolutionary distance
while the idea was formulated already by Levenshiein (1966). The problem
of computing D(4, B) is also known as the string-to-string correction
problem. Being able to compute the edit distance as well as the
corresponding sequence of editing steps has applications in various string
matching problems arising in areas such as information retrieval, pattern
recognition, error correction, and molecular genetics.

Computing D(A, B) becomes considerably simpler as soon as we may
assume that there is always an editing sequence with cost DA, B) con-
verting 4 into B such that if an element is deleted, inserted or changed, it is
not modified again. This means that all editing operations could be applied
on A in one parallel step yielding B; cf. the “traces” of Wagner and Fischer
(1974).

As noted by Wagner and Fischer, this requirement is easily satisfied: It
suffices that the cost function & fulfills the triangle inequality, iLe.,

da-—c)y<dla—by+8(b - ¢) (1)

for all a, b, ¢ such that a—= ¢, a— b, and b — ¢ are editing operations. We
also assume that

Ha—5b)>0 (2)

b

for all operations a — b. This is a natural requirement {since o # &) which is
essential for our results. When (1) is true, distance D(A, B} can be deter-
mined with a weli-known tabulation method as follows: For all 0<i<m

dog =0
d{j: min{di._ 1 =+ iv ad;= ;E_?j THEN 0 EESE (E(QI- - 5}‘}3

)

(3)

d;_y;+la;—e),
dij o +ole=b}).  i=0or >0
Clearly, matrix (d,) can be evaluated starting from dy, and proceeding

row-by-row or column-by-column {(and assuming that all undefined values
d; referred to in the minimization step have default value 50). This takes
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time and space O(mmn). Finzlly, d4,, equals (A, B). Moreover, the

sequence of editing steps that give D{A4, B) can be recovered from the
matrix (d;) using the standard technique applied in dynamic programming
in which one follows some “minimizing path” backwards from e 10 dgy
and records at each stage, which of the alternatives gives the minimum. So,
if we have found that d; is on a minimizing path and, for example,
dy=d; | ,;+a;—e) then d, _ 1,; 18 the next entry on the path and “delete
a;’ is the editing operation.

This method (hereafter called the basic afgorithm} with different
variations has been invented and analyzed several times in various con-
lexts, see, e.g, Lowrance and Wagner (1975), Needieman and Wunsch
(1570), Sankoff (1972}, Sellers (1974, 1980), Vintsyuk (1568), Wagner and
Fisher {1974). Note that for computing 4, without the editing sequence it
suffices int the basic algorithm to save only one row or column of (d;) from
which the next row or column can be generated. Hence only O{min{wm, n))
space is needed.

It turms cut thai the basic algorithm often evaluates unnecessary values
d; and stores them inefficiently. These observations are presented in more
detail in Section 2 where we also give the resulting improved algorithm for
computing D{4, B). Compared to the Ofmn) algorithm, the new method
has the interesting feature that its efficiency does not depend only on m and
n but also on the value of edit distance D(A, B) to be computed. The
smaller is D(A4, B), the faster is the algorithm. In Section 3 we modify the
basic algorithm for the important special case where the cost function & is
constant. An application to the problem of computing the iongest common

ubseguence is also considered. Section 4 presents some generalizations
where we allow additional editing operations such as transpositions.

Z. IMPROVED ALGORITHM

Let us assume henceforth that the cost function § satisfies (1) and (2)
which means that recurrence (3) correctly defines matrix (d;). We now
examine the refation between different entries d, more carefully.

Graphically, the dependencies between entries d, can be illustrated by
drawing a directed are from d,, to 4, if and only if the minimization step in
(3) gives d; from d,,. The resulting graph is called the dependency graph.
An example matrix (4.} for strings 4 = yxxzy and B= xyxzyz is shown in
Fig. 1. The arcs of the dependency graph on paths from d,, to ds, are also
represented.

Cost function § used in the example is given by éla — by=2 whenever
a=c¢or b=¢, and 6{la—H)=3 in the remaining cases where g+ b From
(3} it follows that vertical arcs correspond to deletions, horizontal arcs
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FiG. L. Matrix (d;) with the dependency graph.

correspond o insertions, and diagonal arcs correspond to changes or
matches. Moreover, if we label each arc with the cost o{la—b) of the
associated editing operation (we let 8{a-» b} =0 if a=h), the value d,
the sum of labels on any path from 4, to d,. Hence we have

LemMa 1. If the dependency graph comtains a directed patn from d; to
dyy then d,=d; + d, where d denctes the sum of labels on the paih.

The dependency graph can be undersiood as a subgraph of a larger
graph of the form shown in Fig. 2. The graph has nodes (d,;) and directed
arcs such that an arc comes to d, from d, _iys rom 4, and from
4,1, and the costs associated w;ih the arcs are d{a;, — e}, 8(a, — b, } and
o{e — b)), respectively. It is not difficult to see that the value @f d,, is the
minimum total cost on the paths leading from 4, to ... So the problem
of computing the edit distance could be solved, say, with Dijkstra’s
aigorithm for the single source shortest path problem which in this special

case can be made to run in time Ofmn log(mn}). However, the regular
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topology of the above graph allows simpler and more efficient solutions
such as the basic O(mn) method.
| Returning to the dependency graph, it should be clear that only those
entries d;; that are on some path from d,, to 4., are relevant for the value
of d,,. In fact, were some such path known a priori, we could compute d,_,
by evaluating the entries on the path starting from dyo and assuming that
all the entries not on the path have defanlt value o¢. Also note that dypy =
O(max(m, n)) since any path from dy, to d,, contains at most m + 7 arcs.

Consider now the problem of testing whether or not D(4, B)is at most ¢
where 720 is a given threshold value. This can be solved, of course, by
evaluating {(d;;) with the basic algerithm and then testing whether d,,, < 1.
Cn the other hand, from Lemmal we know that the values d, are
monotonically increasing along any path in the dependency graph.
Therefore, if 4, actually is </ and if some d; gets a value larger than ¢,
then 4 cannot belong to any path leading to d,... Moreover, all entries
that will not get a value >¢, must be in a diagonal band of {d,) which is
the narrower the smaller is /.

To make this precise, denote by 4 the minimum cost of all deletions and
insertions, that is,

A=min{é6{a - b} a#h and {a=eor b=e¢)

and, by (2}, 4> 0. To refer to the diagonals of (d;} we number them with
integers —m, —m+1,...0, 1..... n such that the diagonal denoted by & con-
sists of those d; for which j—i=*k.

LemMa 2. If the dependency graph contains a direcied patk from d; io
Cgl',', f;ié?i dl’;’ ;‘ d1}+ ljzﬂ - i‘f — {j_ E}E * Ké.

Froof. Since d; is on diagonal k= j— i and dqy on diagonal k' = j/ — 7,
any path from d; to d,, contains at least (k" — k| deletions (Le., vertical

jif &'~k <0 and at least |k’ — k| insertions (ie., horizontal arcs) if
k') =0, Lemma 2 now follows from Lemma 1. 2

Lemma 2 implies &, = |7~ i 4 for every o, on a path from do, to 4, ,
i so, by Lemma I, [j—i <dyid<d,, /4. Hence to compute d,,, it suf-
fices to conmsider clements dy in the diagonal band given by
— o A< j—~i<d,, /4. However, an even smaller diagonal band can be

taken:

nd

ovl
]

CoroLLary 1. Jf dy is on some path leading from doy to d,, in the
dependency graph then —p<j—i<n—m+ pif m<an, and n—m— p<

J=i<pfm>n, where p={ Hd_ [4—|n—m|) |
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Proof. A path from dy, to d,,, consists of subpaths leading from dyy to
d; and from d; to d,,,. Hence, from Lemma 2,

Gz do+j—il A+ n—m—(j—i)]| 4

o . 4)
={l/—il+n—m—(j—i)) 4

The rest of the proof is by a straightforward case analysis. For example,
bus}pose that n>m and j<i Then from (4) we get

mn [ ( *E)-}‘nw _(1_3)1 A that IS dmn/‘d (?’l I’?’I)> _9( _Z)
This means, because j—i<0 is an integer and n>=m, that
~ | {dp/d —|n—m|) J<j—i<0, which is as required. The remaining

cases are left to the reader.

From Corollary I it follows that in testing whether D(4, B)<1, the
evaluation of (d;) can be limited to the diagonal band which is, if p denotes
3(#/4 —|n —m) |, between diagonals —p and n—m + p when m < n, and
between diagonals #—m — p and p when m > n. Figure 3 clarifies the num-
bering of the diagonals as well as shows the diagonal band for m <n.
So we obtain the following algorithm which assumes that all entries d;
mitially have value oo:

PROCEDURE test (¢}
IF #/4 <|n—m| THEN reject
ELSE
p=L3{(t/4)~n—ml|) |;
FOR i:=0 UPTO wm DO
¥ n=zm THEN
FOR ji=max(0,i— p) UPTO min(n, i + (n—m)+ p} DO
evaluate d;; from (3} ENDFOR
ELSE
FOR j:=max(0, i+ (n—m)— p) UPTO min(n, i + p) DO
evaluate d; from (3) ENDFOR

ENDIF;
ENDFOR;
ENDIF;
IF d,,<t THEN accept ELSE reject ENDIF.

higﬁrithm test, evaluates {in the nontrivial case /4 > |n —m}) a band of
d;} that consists of 1+ |1 —m| +2p diagonals. Since each diagonal con-
ains at most min{m, n) entries and since 1 + | n—ml+2p <1+ 14 =0,
ijmcedu?e test, evaluates O(7-min{m, nn)) entries. Its time requirement is
therefore O(r min{m, n)). Also the space requirement can be made to
O(t-min{m, n}} by storing only the entries in the band.

One immediately realizes, however, that to compute the next row of the

m;.‘ /,m




band, only the previous row is needed. FEach row comntains
i + |n—ml| + 2p = O(r) elements, hence the space complexity reduces in this
way to O(¢). We get the following algorithm test, where array elements
Foy Fiaees Flu— ) 42, @F€ USed to successively store the rows of the diagonal
band and v, and r, .., are sentinels. Initially, r,= o0 for all i. Also
assume o(X — ¥Y)= 00 whenever ¥=54, where <0 or h>n:

PROCEDURE test,{¢):
IF t/4 <ln—m| THEN reject
ELSE
pi=LHt/4)— n—m|) |
k'i=k=1F nzm THEN —p ELSE —p+(n-—m);
FOR i :=0 UPTO m DO
FOR j:=0 UPTO [n—m| +2p DO
rp=IF i=j+k=0THEN O
ELSE min{r,+1F a,=5,,, THEN 0 ELSE §{a, — b,
e+ ola; > el
Fo_ytole=b o))

£

N
kit

ENDFOR:
k=k+1:
ENFOR:

PINEIEE

I v ap e <t THEN accept ELSE reject ENDIF.

fnstead of proceeding row-by-row in procedure test,, an analogous
columnwise evaluation of the diagonal band should be used when the
columns are shorter than the rows, that is, when m <5 This makes the
space requirement to G{min{s, m, #}).

Procedure test, can further be improved by adding two pointers, p, and
p». that point to the first and to the last value r, which is <y initially
py=1and po={n—m|+2Zp+ 1. Then it suffices that j gets values starting
from max(0, p;—1), and when the interval represented by p, and p,
vanishes, the algorithm can be terminated with rejection of ¢ This

900
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Fic. 3. Diagenals —5, 0, n—m, and n—m + p when m<n.
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modification does not improve the worst case complexity but is useful in
practice because the diagonal band reserved for the test oan be too broad.
Summarizing, we have proved

THEOREM 1. There is an algorithm which, given sirings a, - a,, and
by b, and a number t, tests in time O(t min(im, n)) and in space
O(min(s, m, n)) whether or not Di{a, - Qs by b )<t

It is also possible to determine the value of Day-a,, b, b,) with
algorithm test, or with algorithm test,: When test,(¢) or test,{s) accepts ¢,
we know that the value d,,, = D(a, - . by - b,) has been correctly com-
puted. Hence test, or test, must be called successively with increasing
values 7, until ¢ is accepted. Then d.. gives the edit distance
DNay--a,,b,-b,). For example, the following simple algorithm com-
putes D{a, - a,,b, - b,) in this way to s:

Loti={ln—mj+1)- 4;
2. WHILE test,(f) rejects DO ¢ := 2y ENDWHILE;

3, 5 = ?!nﬁm!-{»-?_pﬁ-k’ Whefe i‘fn_m} '+-2p+f€' ES as 11’1 testz

o,
LA
S

To analyze the time complexity of (5), let 1,= (n—mj+1)-4, ¢, =2,
2= 2710, t, =271, be the values of used as the parameters of test, on
lime 2. Noting our analysis of testy, algerithm  (5) needs time
O((2] .o t;) - min(m, n)), that 15, time O(t,-min(m, n)). Since s>1,/2, we
get that the time complexity is, in fact, O(s-min(m, n)). The space
requirement is  dominated by the space for test,, hence it is
U(min(t,, m, n)), that is, Ofmin(s, m, 7)),

If the editing operation sequence that gives Dla,--a,,,b,-b) is
aeeded, algorithm (5} must be modified such that test, is used instead of
test,. The time requirement remains O(s-min(m, n}), but the space
requirement increases to O(s - min{m, n}} since test, stores all entries in the
diagonal band of {d,}. From the stored values the editing sieps can be
recovered as explained in Section 1. So we have obtained

THECREM 2. The edit distance s=Dlay a,, by b)) as well as rhe

corresponding sequence of editing steps can be computed in time and space

O(s-min(m, n)). If the editing sequence is not needed, the Space reguirement

can be reduced to Ofmin{s, m, n)).!

[ S T
SPECIAL CASES

Cad

In this section we assume that each editing operation has the same COost,

the symbols involved. Without loss of generality, the con-

* To get correct upper bounds also when ¢ — U ors=0, one would prefer writing 7-+ | and
i instead of 7 and s in all O-expressions of this paper.
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stant cost 6{a — b} can be scaled to be =1. Then o satisfies condition {1)
and {2), and therefore the edit distance can again be computed from (3)
which gets the form

d@{} = 0
d,=min(d, ,, ,+IF a,=b, THEN 0 ELSE I,
d 41,

(6)

di;, 1+ 1} i>0or j>0

Now edit distance D{a, - a,, b, - b,) simply means the minimum num-
ber of editing steps that transform a,- ¢, into b, -+ b,

It turns out that matrix ({igj} can in this case be stored in a smaller space
than for a general 6. This is because the values 4, on the same diagonal

form a non-decreasing sequence which increases in unit steps:

Lemna 3. Let the cost of every editing operation be equal to 1. Then for
Eijg}‘}} @;!, d,{}i: df—-— 1.1 ar d!f = éfi_ 1.i—1 “+” {

Proof. Since d,; is always an integer, it suffices to show that d;—1 <

4 gy Sdy
The minimization step in (6) directly implies that d; cannot be larger
1 { ’
?%&nd;_gj_l“riﬁiejd_igalﬁgi};‘wl

As regards the second inequality, it is trivially true for d,,. We proceed
by induction on i+ /. Assume [irst that the minimizing path to 4, comes
from 555-7”, Th@n (6} implies that dy=d, ,, , or dy=d, |, +1
Hence d; = d,_,; , as required. Assume then that the minimizing path to

d, comes from d;_ , ;; the symmetric case where the path comes from d;, |

is similar. Then again by (6), d,=4, |+ 1. By induction hypothesis
di_y;z2d;_5;_ ;. Hence a’}>ui,~ g+ L Sinced,_, <d_,,_+1by
(6), this implies that d,>4d,_,,_,, as required. §

Lemma 3 suggests an alternative way of storing matrix (d,): For each
¢ £ '

diagonal of (4}, it suffices to store information which tells the points on
the éﬁagmafi whefe the value increases. Formally, denote

fr, = the largest index
such that d;= p and 4 is on diagonal £, Since all values on diagonal & are
>k, values f,, are defined for p=|kl, Kl 4+ 1., po.,.. where p_. is 3’%6

7
largest value on diagonal k. In addition, it is convenient to define

i



Xy % -z oy

¢C 1 2 3 4 35

vyvi 1t 1 1 2 3 4
xt12 1 2 1 2 3
x{3 2 2 2 2 3
z| 4 3 3 3 2 3

Fig. 4. Matrix (d;) for strings yxxz and xyxzy.

and f,, = —co for the remaining Ji» possibly referred to in algorithms to be
presented,

An example matrix (dy) for strings yxxz and xyxzy is shown in Fig. 4.
Since diagonal 1 of this matrix has values I, 1, 1, 2, 3, we have that
Ji4= =0, fio= —1, fi;, =2, J12=3, fi;=4.

Recovering each value dy from (f,,) is simple: Find p such that
Jrpo1<Ui<fi,, where k=j—i Then dy=p. In particular, d , =
Dia, a,, b, b,) equals the unique p so that

j;z-~ m,pmﬁflv (7}

Clearly, storing matrix () as {f;,) does not increase space requirement.
Rather, considerable saving is sometimes possible. For example, if the
cdiagonal band evaluated by algerithm test, of Section 2 is represented with
Jip'S, the storage needed reduces to O(7-s), where s = Dia, - a,,b,-b,).
This further implies that the version of algorithm {5) which computes also
the editing sequence can be made to work in space O(s”). More important
is, however, that by adopting representation { f,) the edit distance can be
computed in time O(s - min(m, 7)) with a direct algorithm which avoids the
reduction in (5) to tests D{(a, --a,, b, - b,)<t. This decreases the con-
stant factor in the time bound.

To develop this algorithm we need first an algorithm for computing (/)
directly without using dy's as intermediate results. Assume that p > k!l and
that for all X', /. ,_, has been correctly computed. Then the following
algorithm (8} computes 7,

Lov=max(fe,  + L fo 1,1 Jiewr oo+ 1)
2. WHILE a,,,=b,,,,, DO i:=¢+1 ENDWHILE: (%)
3. Jup=IF t>m or 1+ k>n THEN undefined FLSE 1

To prove (8} correct, note that by the induction hypothesis, the block of
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entries with value p — 1 reaches in matrix (d;) row f, ,_, on diagonal £,
tow f_,,.. on diagonal k—1, and row Je+1.,-1 on diagonal k+ 1.
Denote by ' the value of ¢ after step 1, that is, ¢ =max( Ser—1+1,
Je—t1,p—1s fesr,,—1+ 1), and by ¢” the correct value of f,,- We show that
' <t" and that

az’+1:bx’+1+k=---a ar"m—mb:”rks ar”+17‘ébr”+k+1- (9)

This will show (8) correct since these conditions imply that the value of ¢
equals 1" after step 2.

Assume, for example, that {'=fri1,1+ 1. Hence Ayt lgthes1)=
p— 1 Since ' = f, ,_+1 and "2 feevp-swehaved,_,, . ,2p—1
and dy, 1,2 p—1, and also dyy o2 p. Then by (6), dy o= p, and
by Lemma 3, ¢ <", as required. To prove (9). notice first that from the
definition of " it follows d,, , ;= pforr=1¢,.., ¢", and'dy oy =p+1
(or t"+1>m or t"+14+k>n). Since ¢ =max(f, +1, fi ¢, .,
Se+t,,1+ 1), the elements above and to the left of d,, ., must be =p for
r=t'+1.,1"+1, that is, d,_,,,,>p and d,, |, ,>p. Then, by (6),
d i can be equal to p only if a,=b,,,, for r=¢+ 1., 1", and
dr 1+ 1+ €an be equal to p+1 only if 4, #b, x-S0 (9) 1s true
and the proof is complete.

To compute edit distance s= D{a,-"-a,,, b, b}, we must find

p such
that (7) is true. This can be done with the next algorithm which calls
algorithm (8) to compute (f,,), column by column:

L pi= -1,
2 WHILE f,_, ,#m DO
3. pi=p+1;
4, FOR k= —p, —p+ 1., p DO (10)
evaluate f,, with algorithm (8) ENDFOR:
ENDWHILE;
5. si=p.

Although (10) correctly computes s, it asks algorithm {8} to evaluate many
entries f,, whose value is actually undefined, because the range of values
assigned for k in step 4 is too large. There are diagonals —m, —m+1,... n
in matrix (d;). Hence k can be restricted to — <k <n Moreover, each
diagonal contains at most min{(m, n}+ 1 entries. This means, noting how
Fip 18 defined, that for a fixed &, Jip may have a nontrivial value only for
p= ki, [k + 1., (k| + min{m, n). Therefore it suffices that for a fixed D,k
gets values such that |k| = p— min(m, a),... p. Hence & must in step 4
satisfy the conditions

—m < k<n




APPROXIMATE STRING MATCHING 111
and

(—p<k< —p+min(m, n) or p—min(m, n) <k < p).

This can further be simplified such that we arrive at algorithm ({1}

L opi=—1;
2. ri=p-min(m, nj;
3. WHILE /, ., ,#m DO
4. pi=p+1;
5. Fi=r4l;
6. IF r<OCTHEN FOR k= —p, —p+ 1., p DO {113
evaluate 1), with algorithm (8) ENDFOR
ELSE FOR Kk :=max(—m, —pl,..., —r, r,.., min{z, py DO
evaluate f;, with algorithm (8) ENDFOR
ENDIF;
ENDWHILE,;
7. si=p.

To analyze the time requirement of algorithm (11), let again
s=D{a, a,, b, b,). The values assigned for k in step 6 are 1 the
range —s,.., s and each value can occur for at most min(m, n) + 1 different
values p, or actually, for at most min(s, m, ) + | different values p since
U< p<ysin step 6. Hence (11} evaluates O(s- minfs, m, n}) entries Jrp and
therefore runs in time O(s- min(s, m, 1)) without counting the time needed
by the calls of algorithm (8} in step 6. The running time of {8} 15 dommated
by the time of the while-loop in step 2. Obvicusiy, test Groo1 =0, ¢ 18
performed for a fixed & at most once for each . ?E’%&fﬁi{}?v? for a fixed &
again, the total time for step 2 ém’éﬁg different calls of (8} is O(min(m, #)).
There are Of{s) different values k, hence the total time for the calls of

algorithm (8) n algorithm (11) is Q(? min{m, #)). S0 (11} runs in total
time O(s- min{m, 7))}

As regards space, the above analysis shows that algorithm (11) evaluates
Ofs - min(s, m, n)} different entries f, . Hence O(s-min(s, m, #}} space s
fices.

The editing operation sequence giving the edit distance ¢ can be found
from the stored waéues Jip using a procedure that is analogous to the

(44

method used with the basic algorithm, In light of algorithm (8), one must
now find a mazimzzmg path leading to f,_ ... For example, the following

procedure computes the editing operation sequence in time G(s
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1. pi=g

2. ki=n-—~m

3. WHILE p>0 DO

4. fz:ma%(.;{‘k,p*Q—i—gﬁjfkwl,p—lf?f}{%i,p—-}'%h1};

5. Let i, 1 <7< 3, be such that the ith of expressions

Srp—t+ L fi i, 15 fesr 1+ | has the largest value;

6. IF i=1THEN
announce edit operation “change g, to b,, "

7. ELSIF /=2 THEN i’iE}
announce edit operation “insert b,, , between ¢, and «
k=k—1

8. ELSE
announce edit operation “delete ¢
ki=k+1

ENDIF;
G. pi=p—1;
ENDWHILE.

H—l 2

o9,
|

If the editing sequen

Yocpey
e

nce is not needed, step 1 of algorithm (8) reveals that
only values 7, , _, for all k are needed to evaluate values S Since (k| <5,
the space requirement of (11} reduces to Ofs). This further reduces to
O(min(s, m, n)) since—as already noted—the same value p—1 can appear
on at most 2-min{m, n)+ 1 different diagonals of {(d;), which means that
values f, ,_, are nonirivial and need to be stored for at most
2-min{m, n)+ 1 different k. So we have completed 2 proof of the next
theorem.

THEOREM 3. Let the cost of each editing operation be equal 1o 1. Then
the edit distance s=D{(a, - a,, b, b,) as well as the corresponding
sequence of editing steps can be computed in time O(s- min{m, nyi and in
space O(s min(s, m, n)). If the editing sequence is not needed, the space
requirement can be ieduceéf to O(min(s, m, n)).

The only explicit difference between Theorem 3 and Theorem 2 is the
smaller space bound Ofs-min(s, m, 1)) of Theorem 3. It should be
emphasized, however, that algorithm {11) is simpler than algorithm (5.
Hence the constant factors in Theorem 3 are smaller than in Theorem 2.

Also worth noting is that in the best case the running time of {11} can be
significantly smaller than O(s- min{m, n)). This is in contrast with ﬁzhe basic
algorithm of Section 1 which always needs time & min}, and with algorithm
(5) which always needs time @(s-min{m, n)). At its best, algorithm (11)
needs time O{s* + min(m, n)). For example, the time requirement is of this
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form for strings (x"y)® and (x"z)° whose edit distance is 5. Algorithm (11)
computes 5 in time O(s? + sr).

Consider then the problem of testing for a given threshold value ¢,
whether the edit distance of two strings is at most r. Clearly, this can be
accomplished with a slightly modified algorithm (11} If p grows larger
than ¢, announce that the edit distance is larger than ¢ Otherwise it is at
most ¢, The method needs time O(f- min(m, n)) and space O(min(z, m, n}).

Observe that Lemma 3 and hence Theorem 3 (and also Theorem 2}
remain true if we reduce the editing operation set. For example, if insertion
and deletion are the only operations, the correspendingly modified
algorithm is as (11) but in the maximization step of algorithm (8) 1t suffices
now to take the maximum of the second expression and the third
expression.

When the cost of each individual editing step equals 1, computing the
edit distance has an important application to finding the longest common
subseguence (LCS) of two strings, as noted by Wagner and Fischer (1974).
In fact, let ¢’ be the edit distance of a,---a,, and &, -+ b, when the allowed
editing operations include only deletion and insertion. Then the length of
the LCS for these strings is r={m+n-—s5)/2. As already explained, a
modified algorithm {11) computes §° from which we get r. The actual LCS
can be found by performing on q, --a, all deletions in the editing
sequence that gives 5. For strings of approximately equal lengths, this
method of computing the LTS seems as efficient as the recent method by
Nakatsu, Kambayashi, and Yajima (1982). For example, in the case m=n
their aigorithm takes time O(m-(m—r}). This equals the time bound
Ols" - m) of the modified algorithm (11}, since 5" = 2m — 2r.

Finally we consider possibie generalizations of Lemma 3. One might sus-
pect that Lemma 3 could be generalized to say that for all cost functions &
satisfying (1) and (2), the value of d, monotonically increases on every
diagonal of {d,). That this is not the case, can be seen by ihe following
example. Let the costs for the editing operations be

o(x, y)=d(y, x)=1
HO, x)=5{x,0)=3
MO, yy=0(y,0)=2.

Then for strings 4 = B=xy, we cobtain the matrix in Fig. 5, where the
values on diagonals —1 and 1 are not monotonically increasing.

Assume, however, that the cost function § satisfies {1} and (2), and tha
all deletions have the same cost and all insertions have the same cost. Thu
for some constants ¢, and ¢, and for all ase, dla—e)=c, and
S{e — a)=c,. Then it is easy to modily the proof of Lemma 3 to show that

G e



Xy
G 3 5
X113 0 2
vyl 5 2 0

Fic. 5. Matrix {dy)} for strings 4 = B=xy,

& 1;-1<d;for all i, j. Hence the value of d;; increases along the diagonals
of (d;), but the increments are not necessarily equal to 1. Representation
(f+,) cannot be used directly for (d;). However, denote by v.(r) the rth dif-
ferent value (in increasing order) occurring on diagonal & and by f,(r) the
largest row index 7 such that disvr =v,(r). With these structures one can
encode (d,) in algorithm (5). This complicates the procedure but improves
the space efficiency in some cases.

4. EXTENSIONS

The problem of computing the edit distance can be extended in several
directions. For example, editing operation sets that are larger than the set

considered so far may be relevant in some applications. To generally
analyze such extensions, we say that an editing operation set is any finite set
EcX*xX* of ordered pairs {x, y), usually written as x — ¥, over
alphabet ¥ such that X7y Element x— y in £ Iepresents an editing
operation that replaces an occurrence of x in a string in I* by v. The
editing operation set of Section | can be represented as

Ev={x-y]x yezy e, x# pl.

A cost function § gives the cost o(x— »)>0 for each editing operation. We
want again to determine a sequence of editing operations in £ that convert
astting d=a,---a,_inio a string B=54, - b so that the sum of individual
costs of editing operations is minimized. The minimum cost is denoted by
DgslA, B). Hence our previous notation D(A, B) is an abbreviation for
D slA, By If it is not possible to transform 4 into B with the operations
in E, we set DpslA, B)=co.
For an arbitrary £, recurrence (3} defining matrix {d;} gets the form

dop =0

di'z {i@iﬁ(gg‘? f{ mt;)! ?EEN d{—},}—l EE_JSE GCJB

H
u

(13)

Givker ;> b, isin B,
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However, d,,, computed from (13) is not equal to D (4, B) for all £ and
d. As mentioned in Section 1, a sufficient condition for equality is that no
two steps are chained together in some sequence of editing steps giving
Dii,é(/iﬁ 3;

To make this precise we define restricted editing sequences from 4 to B
by specifying the active part for each intermediate string derived. At the
beginning the whole A4 15 active. Suppose then that we have arrived at an
intermediate string wv with active part v. Let x— y in F be an editing
operation such that x occurs in the active part, that is, v can be written as
v, xv, for some {possibly empty} strings v, and v,. Then an editing step
that replaces x by y 1s an allowed operation, and v, is the active part of the
new intermediate string uv, yv, obtaied. If 4 produces B in this way, there
is a restricted editing sequence from A to B. The minimum total cost of such
sequences is denoted by D% (A4, B); if there are no restricted sequences
from 4 to B, we set D (A, By=o0. In some applications in error correc-
tion and 1n information retrieval, the restricted edit distance is a natural
measure of simiiariiy between different strings.

Obviously, Dy (4, B} i3 always = D {4, B). Moreover, both distances
comncide for editing operation set £, when the cost function satisfies (1).
While D, ; is not effectively computable, D% ; can be evaluated from (13},
as can be easily shown by induction:

Tueorem 4. Let matrix  (d;} be defined by (13). Then d, =
Bif,é{gl Tl 551 T i?j:g in g}’aré‘fguz’m’, dmrz - ‘E}i:‘:é)<a§ Tl E}i T 5711}"

As in Section 2, recurrence (13} defines a dependency graph over {d})
Lemma | is true also for this graph. To generalize Lemma 2, let

fl:

Aps=min(d(x = p)/ipl | x> yisin E, p=|x[—|p| #0}.

(Here |x|, | y| denote the length of strings x, y.}) Then, as in the proof of

Lemma 2, one sees that if there is a directed path from 4, to d,, in the

dependency graph defined by (13}, then z’,, zd,+ 1]~ Aé';mg, A s
t

This is because a path from 4, to 4, must cross at lea f;, AR AR B 3

i

g i
onal 1 at least 4, Hence

z

diagonals, and the cost of ¢ 6%23@ a diag
Lemma 2 as well as C{}z‘u?;*a y 1 are true with 4 replaced by 4. ,. Further-
more, procedures test; and test, of Sec

tion 2, with every occurrence @%‘" A
replaced by 4, and every occurrence of {3} replaced by (13}, cor
decide whether D% (A4, B}<¢, and az,ﬁge:}mnm {5;5 dier the
modification, efffeaﬁy computes the restricted edit distance D ;{4
The modification does not change the a@mpiexéiy analysis of the
algorithms. Hence the next generalization of Theorems 1 and 2 is true.

v]

TuroreM 5. There is an algorithm which, given strings a, - a,, and

it




by b, and a number 1, tests in tme O(t-min(m, n)) and in space
O{min(¢, m, 1)) whether or not restricted edit distance
S'=Drla-a,, b, by} is ar most 1. The value s as well as the
corresponding sequence of restricted editing steps can be computed in time
and space O(s’ - min(m, n)). If the editing Sequence is not needed, the space
requirement can be reduced to O(min(s’, m, n)).

50 D5 can be evaluated efficiently while we do not consider algorithms
for evaluating D £s- Note that the upper bound on p £s given by DY may
be useful in some applications. An interesting related question is to charac-
terize those £ and § for which D g6 =Dy,

Next we analyze a particular extension of . Let E, =F,u
{(ab, ba) | a, belZ a#b!, that is, £, is the set of deletion, insertion, and
change operations extended with operations that transpose two adjacent
symbols. Transposition is useful in correcting, e.g., typing errors. A related
larger operation set was anaiyzed by Lowrance and Wagner (1975). We
give a quite natural condition on & which implies that D re =D ;.

THEOREM 6. Let the cost Junction & satisfy (1) and (2} and moreover, et
Hx - y)=6(x' - V') for everv editing operation x — y, x' — y' jn £, such
that |xy| > 1x'y'[. Then Dy =Dy ;.

Proof. We show that for any editing sequence with Operations in £,
there exists an equivalent but restricted sequence of at most the same cost.
A simple case analysis shows how to eliminate the first and hence all
editing steps that do not operate on the active part. We give here only one
example.

Let the first step x — ¥ 10 be eliminated be a transposition. Hence x = gp
and y = ba for some characters a, 5. In addition, suppose that character 4
in x has been produced by an earlier ransposition ac — ca. So the total
effect is to convert ach to cha, Now replace ae — cq and ab — ba with
restricted steps @ — ¢ and ¢ — 4 which have the same conversion effect but,
by the assumptions of Theorem 6, at most the same cost.

Assume finally, as in Section 3, that the cost function is constant. So
Ul x— v in E,. Then the conditions of Theorem 6 are
satisiied and we could evaluate Dy s with a modified algorithm (5). But
also Lemma 3 ig immediately seen true for & ; With coustant cost function.
Hence a more efficient solution i possible using the algorithms of Sec-
tion 3. We briefly sketch the modifications necessary.

An expression that corresponds 1o tramsposition must be added to the
list of expressions in the maximization step of algorithm (8). Therefore the
iollowing two steps replace step 1 of (8):

oy

- N . B
éé)f = Vi=1 lo1
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la. f::fkval‘f‘E;

fo. s :mmaX{Isf}cAi,p~Iaf!c+1.p--—1 + la IF a!a[+£=bk+f,+§bk+[
THEN 7+ 1 ELSE —w).

Of course, algorithm (11) must now use (8), as just medified. In algorithm
(12}, step 4 as well as the rest of the algorithm must be expanded to cope
with steps 1a and 1b.

5. CONCLUSION

We developed two versions of an .algorithm that in time and in space
O(s - min{m, n)) computes the edit distance s of two strings of length m and
n. Both algorithms are easy to implement with small constant factors in the
complexity bounds. The first algorithm works for arbitrary positive costs of
individual editing steps. The second algorithm assumes that ali steps have
the constant cost equal to 1. Since s= O(max(m, n)), the algorithms are
asymptotically at least as efficient as the well known O(mn) method, while
for small ¢ they are significantly faster. As a by-product, we derived
algorithms to test in time O(;- min(m, n)) and in space O(mn(¢, m, n)) for
a given threshold value ¢, whether s < v. This kind of a test with a relatively
small ¢ is needed in applications where one wants to select from a larger set
of strings all strings whose distance from a given string is at most 7. In fact,
the main stimulus to develops the methods of this paper came from certain
applications in molecular genetics, where the O(mn) algorithm is
unnecessarily ineflicient since m and z are large and ¢ is smali, cf, Peltola er
al. {1983).

The derivation of the algorithm was based on a careful analysis of the
O(mn} method. Similar ideas can possibly be used in improving some other
dynamic programming or tabulating algorithms.
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